BIADJOINTNESS IN CYCLIC KHOVANOV-LAUDA-ROUQUIER 

ALGEBRAS 



MASAKI KASHIWARA 

Abstract. In this paper, we prove that a pair of functors and appearing 
in the categorification of irreducible highest weight modules of quantum groups via 
cyclotomic Khovanov-Lauda-Rouquicr algebras is a biadjoint pair. 



1. Introduction 

Lascoux-Leclerc-Thibon ([13]) conjectured that the irreducible representations of 
Hecke algebras of type A are controlled by the upper global basis ([8j |9]) (or dual 
canonical basis (¡16]) of the basic representation of the affine quantum group U q {A^p). 
Then Ariki (p]) proved this conjecture by generalizing it to cyclotomic affine Hecke 
algebras. The crucial ingredient there was the fact that the cyclotomic affine Hecke 
algebras categorify the irreducible highest weight representations of U(A^). Because 
of the lack of grading on the cyclotomic affine Hecke algebras, these algebras do not 
categorify the representation of the quantum group. 

Then Khovanov-Lauda and Rouquier introduced independently a new family of 
graded algebras, a generalization of affine Hecke algebras of type A, in order to cat- 
egorify arbitrary quantum groups ([TQJ [HJ E¡). These algebras are called Khovanov- 
Lauda- Rouquier algebras or quiver Hecke algebras. 

Let U q (o) be the quantum group associated with a symmetrizable Cartan datum 
and let {-R(/3)}/?gq+ be the corresponding Khovanov-Lauda- Rouquier algebras. Then 
it was shown in [IÜJ [TTj that there exists an algebra isomorphism 

^a(s)^ ^(ProjW))), 
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where U A (g) is the integral form of the half U of U q (o) with A = Z[q, q 1 ], and 
i^Proj (#(/?))) is the Grothendieck group of finitely generated projective graded R((3)- 
modules. Moreover, when the generalized Cartan matrix is a symmetric matrix, Varag- 
nolo and Vasserot proved that lower global basis introduced by the author or Lusztig's 
canonical basis corresponds to the isomorphism classes of indecomposable projective 
i?- modules under this isomorphism (¡18]). 

For each dominant integral weight A G P + , the algebra R{¡3) has a special quo- 
tient R A ((3) which is called the cyclotomic Khovanov- Lauda- Rouquier algebra. In [TÜ] . 
Khovanov and Lauda conjectured that ®p € Q+ K(Ptoí(R a (/?))) has a £/A(0)-module 
structure and that there exists a f/A(fl)- m odule isomorphism 

Va (A) ~ K(Proj(R A (f3))), 

where Va (A) denotes the Ua(q) -module with highest weight A. After partial results of 
Brundan and Stroppel (¡1]), Brundan and Kleshchev (¡2j[3]) and Lauda and Vazirani 
(¡15j). the conjecture was proved by Seok-Jin Kang and the author for all symmetrizable 
Kac-Moody algebras ([!]). 

For each i £ I, let us consider the restriction functor and the induction functor: 

E A : Mod(R A ((3 + a¿)) — ► Mod(# A (/?)), 

F A : Moá{R k {p)) — y Mod(i? A (/3 + ou)) 

defined by 

E A (N) = e((3, i)N = e((3, i)R A ({3 + a,) ® R A ( p +ai) N, 

F A (M) = R A (f3 + tti )e(/3, z) ® fíH(3) M, 
where M G Mod(i? A (/3)), N G Mod(i? A (/3 + a*)). Then these functors categorify the 
root operators e¿ and /¿ in the quantum groups. 

It is obvious that E A is a right adjoint functor of F A . 

Khovanov-Lauda ( [TÜ], [TU [121 IH] ) an d Rouquier (\T7\) conjectured that E A and F A 
are biadjoint to each other. Namely E A is also a left adjoint of F A . Furthermore they 
gave a candidate of this adjunction explicitly from the first adjunction. In this paper we 
prove that this candidate gives indeed adjunction for all cyclotomic Khovanov-Lauda- 
Rouquier algebras. 

In order to prove this we use a similar method employed in ¡7]. Namely we use the 
module e(/3, i 2 )R(f3+2ai)e((3+ai, i)®R(p +ai )R A (P+ai) in order to study e((3, i 2 )R A {(5+ 
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2a¿)e(/3 + a¿, i). We fully use the fact that this module is a free right module over the 
ring k[x n+ 2] (Lemma 15.31) . 

We mention that [5] and [19] are related to our results. 

This paper is organized as follows. In Section 2, we recall the notions of Khovanov- 
Lauda-Rouquier algebras. In Section 3, we recall the definition of cyclotomic Khovanov- 
Lauda-Rouquier algebras and the results in [7], and then state our main result (Theo- 
rem !3.5p . In Section 4, we interpret it in terms of the algebras ( fl4.ll) . (14.21) and (14.31) ). 
and we gave their proof in Section 5. 

Acknowledgements. We would like to thank Aaron Lauda by explaining his results 
with M. Khovanov, and also his recent paper [5] with S. Cautis. 

2. The Khovanov-Lauda-Rouquier algebra 

2.1. Cartan data. Let 7 be a finite index set. An integral square matrix A = (a^íje/ 
is called a symmetrizable generalized Cartan matrix if it satisfies (i) aa — 2 (i £ I), 
(ii) aij < (i ^ j), (iii) üij = if üji = (i,j £ I), (iv) there is a diagonal matrix 
D = diag(<i¿ £ Z>o | i £ I) such that DA is symmetric. 
A Cartan datum (A, P, II, P v , II V ) consists of 

(1) a symmetrizable generalized Cartan matrix A, 

(2) a free abelian group P of finite rank, called the weight lattice, 

(3) P v := Hom(P, Z), called the co-weight lattice, 

(4) II = {ai | i £ 7} C P, called the set of simple roots, 

(5) II V = {hi | i £ 1} C P v , called the set of simple coroots, 

satisfying the condition: (hi,aj) = aij for all i, j £ /. 
We denote by 

P+ ■= {\ g P | (fu, A) £ Z> for all i £ 1} 
the set of dominant integral weights. The free abelian group Q := ® Za¿ is called the 

root lattice. Set Q + = J2iei'^'>o a i- F° r a = Yl ^i a i ^ Q + > we define the heightht(a) 
of a to be ht(a) = ^/c¿. Let f} = Q ®z P y ■ Since A is symmetrizable, there is a 
symmetric bilinear form ( ) on [)* satisfying 

(aAaj) = diüij (z, ? £ /) and (/i¿, A) = 7-^7—7 f° r an y A £ h* and ¿ £ /. 

(ati\ati) 
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2.2. Definition of Khovanov-Lauda-Rouquier algebra. Let (A, P, IT, P v , II V ) be 
a Cartan datum. In this section, we recall the construction of Khovanov-Lauda- 
Rouquier algebra associated with (A, P, II, P v , II V ) and its properties. We take as 
a base ring a graded commutative ring k = ® neZ k n such that k n = for any n < 0. 
Let us take a matrix (Qij)i,jei i n k[u, u] such that Qij(u,v) = Qji(v,u) and Qij(u,v) 
has the form 



(2.1) Qij(u,v) 



iíi = j, 

E U,j;p,qU P V q iÜ^j, 

.p,q>o 



where t i>ó . m G k_ 2 ( ai |a i )-(c^)p-(a i |Qy)« and : = í ¿J; _ aiji o G kg . In particular, we have 
í¿,i;p,g = if (a.i\a.i)p + (aj|aj)g > — 2(a¿|aj). Note that í¿j; P)9 = tj,i-,q,p- 

We denote by S n = (s±, . . . , s n -i) the symmetric group on ra letters, where s¿ = 
(i, i + 1) is the transposition. Then S n acts on I n . 

Definition 2.1 ( [1ÜJ, Ü7]). TTie Khovanov-Lauda-Rouquier algebra R(n) of degree n 
associated with a Cartan datum (A, P, IT, P v , II V ) and (Qij)i,jei is the associative alge- 
bra over k generated by e(y) [y G I n ), x k (1 < k < n), t¡ (1 < Z < n — 1) satisfying 
the following defining relations: 

e{y)e{y') = S„ye(u), ^ e(i/) = 1, 

x fc x z = x z a; fc , x fc e(í^) = e(v)x k , 

ne{y) = e(si{y))r h T k r { = r¿r fc if \k - l\ > 1, 

^e(^) = Qv h! „ k+1 (x k ,x k +i)e(v), 



(2.2) 



-e(v) ifl = k,v k = v k+1 , 
(r k xi - x Sk{l) r k )e(u) = <¡ e {v) ifl = k + l,u k = u k+1 , 

otherwise, 



{T k+ iT k T k+ i - T k T k+l T k )e{U) 

Qv k ,v k+1 (x k , Xfc+l) — Qu k ,u k+1 (^fc+2, X k +i / 



e(v) ifv k = v k+2 , 



X k - X k+2 

otherwise. 
Note that P(n) has an anti-involution -0 that fixes the generators r¿ and e(í/). 



BIADJOINTNESS IN CYCLIC KHOVANOV-LAUDA-ROUQUIER ALGEBRAS 

The Z-grading on R(n) is given by 
(2.3) dege(» = 0, deg x k e(v) = {a Vk \a Vk ), deg ne(u) = -(a Vl \a Vl+1 ). 

For a, b, c G {1, . . . , n}, we define the elements of R(n) by 



(2.4) 



e a ,b = e ( z/ )' 
Qa,b = ^ < 5^,^( a; a,a; 6 )e(z/), 

7> Qva,v b { X a,Xb) - Qu a ,y b \X c ,X b ) . . 

' ' ' > . ■ • >*• 

Then we have 

Qa,b Qb.ay 7~ a Qa,a+ly 

(2-5) 

We define the operators d ajb on k[cci, • • • , £n]e(f). by 

(2.6) <9 a , 6 / = S °" b ^ l ea ^ d a = d a¡a +i, 

x a x 

where s a ,b = (&, b) is the transposition. 
Thus we obtain 

T a Gb,c — e s a {b),s a (c) T a-, 

(2.7) 

T a f ~ {Saf)Ta = fr a - T a (s a f) = (9 a /)e aj0+1 . 

For n G Z> and G Q + such that ht(/3) = n, we set 

I? = { v = („ h ...,u n )eI n \a Vl + '-- + a Vn = P}. 

We define 

e(/3) = E^eH, 
(2 ' 8) = i2(n)e()9) = fl(n)e(i/). 

The algebra -R(/3) is called the Khovanov- Lauda- Rouquier algebra at f3. 
For í > 0, we set 

e(A^) = E,e(^)G J R(/3 + to í ) 

(2.9) 

where v ranges over the set of v G I^ +£ai such that 
v k = i for n + l<£;<?7. + £. 
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We sometimes regard R(¡3) as a k-subalgebra of the k-algebra e(¡3, i e )R((3+£ai)e((3, i 1 ). 

Theorem 2.2. Let G Q + with ht(/3) = n and i G I. Then there exists a natural 
isomorphism 

^ R(P)e(P - a h i) ® R (j3- ai ) kr n ® e(/3 - a u i)R(/3) k[x n+1 ] ® R(f3) 

^e(f3,i)R(/3 + ai )e(/3,i). 

Rere R((5)e(¡3 - ai, i) ®R(p- ai ) kr n <g> e((5 - ai, i)R{¡3) -¥ e((3, i)R(/3 + a¿)e(/3, i) is given 
by a <g) r ri ®b H- ar n b. 

Here, r n in kr„ is a symbolical basis of a free k-module of rank one. We sometimes 
use such notations in order to make morphisms more explicit. 

Note that if /3 — a¿ ^ Q + then R(¡3)e(/3 — a i: i) ®R(p- ai ) kr n (g) e(/3 — a¿, i)R{¡3) should 
be understood to be zero. 

3. The cyclotomic Khovanov-Lauda-Rouquier algebras 

3.1. Definition of cyclotomic Khovanov-Lauda-Rouquier algebras. Let A G 

P + be a dominant integral weight. For each i G /, we shall choose a monic polynomial 
of degree (h¡, A) 

(3.1) af(u) = Ci ;k u^> A >- k 

with d- k G k fc(Q¡ | Q¡ ) and q ;0 = 1. 

For fc (1 < k < n) and (3 G Q + with ht(/3) = n, we set 

(3.2) a A (x fc ) = ^ < (x k )e(u) G 

Henee a A (xk)e(u) is a homogeneous element of R([3) with degree 2(a¡,JA). 

Definition 3.1. For ¡3 G Q + the cyclotomic Khovanov-Lauda-Rouquier algebra R A ((3) 
at (3 is defined to be the quotient algebra 

R A (ñ) = m 

y ' } R{(3)a A { Xl )R(p)' 

In this paper we forget the gradmg, and we denote by Mod(i? A (/3)) the abelian 
category of R A (f3)- modules. 
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For each i 6 I, we define the functors 



E A : Mod(R A ((3 + ai )) ^Mod(R A ((3)), 
Ff : Mod(i? A (/3)) — )• Mod(i? A (/3 + a¿)) 



by 



(3.3) 



Ef (N) = e(0, i)N ~ e(/3, z)i? A (/3 + a,) ® fiA(/3+ai) iV 
~ Hom ñ A (/3+ai) ( J R A (/3 + ai)e(P,i] 



),N) 



F A (M) = # A (/3 + <KM 0^09) M, 

where M e Mod(i? A (/3)) and iV e Mod(i? A (/3 + a¿)). 
Then the following result is proved in ¡7]. 

Theorem 3.2 (|Z¡). The module R A (fi + a¿)e(/3,¿) 

zs a projective right R (¡3) -module. 
Similarly, e((3,i)R A (f3 + a¿) «s a projective left R A ((3) -module. 

Corollary 3.3. 

(i) The functor E A sends finitely generated projective modules to finitely generated 
projective modules. 

(ii) The functor F A is exact. 

3.2. The pair (F A , E A ) has a canonical adjunction : the unit r¡: id > E A F A and the 

counit e: F A E A > id. 

For /3 G Q + with ht(/3) = n, the functors 



are represented by the kernel bimodules R A ((3 + a¿)e(/3, ¿) and e(/3, i)R x (f3 + a¿) as in 
(13.31) . In the sequel, we denote by lp the identity functor of the category Mod(i? A (/?)), 
and we denote by lpE A = E A lp +ai the restriction functor E A : Mod(i? A (/3 + a¿)) — > 
Mod(i? A (/3)). Similarly, Ffl^ = l p+a . F A denotes the induction functor F A : Mod(R A (/3)) 
Mod(i? A (/3 + a í )). 

Let us denote by x the endomorphism of 1^E A represented by the left multiplication 
of x n+ \ on e((3,i)R A ((3 + o¡¿) and by r the endomorphism of lpE A E A : Mod(R A ((3 + 
2a¿)) — > Mod(i? A (/3)) represented by the left multiplication of r n+ i on e((3,i)R A ([3 + 
a i )® R A(i 3+ai - ) e((3-\-ai,i)R A ((3 + 2a i ) ~ e(/3, -¿ 2 )-ñ A (/3 + 2oíj). Similarly the endomorphism 
x of E A lp is represented by the right multiplications of x n +i on R A ({3 + o¡¿)e( ( 5, i) and 



Mod^OS)) 



Mod( J R A (/3 + a,)) 
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the endomorphism r of FfFflg: Mod(i? A (/3)) ->■ Mod(i? A (/3 + 2a¿)) is represented by 
the right multiplication of r n+ i on i? A (/3 + 2a¿)e(/3 + a¿, i) ®RArp +a A R A ((3 + ai)e((3, i) ~ 
i? A (/3 + 2a¿)e(/3,z 2 ). Then a; G End(F A l /3 ) and a; G End(l /3 E A ) are dual to each other 
and r G End(F A F A l/3) and r G End(l j gE A E A ) are dual to each other. 
By the adjunction, r G End(E A E A ) induces a morphism 

(3-4) a-.^Efy— +E A F A V 

It is represented by the morphism 

i? A (/3)e(/3 - «i, i) ® fi A ( ^ } e(/3 - a ¿ , z)i? A (/3) -> e(/3, ¿)i? A (/3 + a ¿ )e(/3, ¿) 

given by x ® y >■ arr n n. 

The following theorem was formulated as one of the axioms for the categorification 
of representations of quantum groups ( [Hl H21 HH E! ) > an< ^ P rove d in [7] for an arbitrary 
Khovanov-Lauda-Rouquier algebra. 

Theorem 3.4 Q7j). Set A := A - ¡3 and A¿ := (hi,X). 

(a) Assume A¿ := (/i¿, A) > 0. The the morphism of endofunctors on Mod(R A (¡3)) 

p : F A E A 1^© ©'ka* OI,— ^ E A F A 1^ 

fc=0 

an isomorphism. Rere F A E A 1¿3 — >■ EfFfl^ ¿s jiuen &?/ c, and\tx k — >■ FfEfl^ 
zs gú>en £>?/ (x fc F A ) o 77 = (E A x fc ) 077: 1^ — >> EfFfl^. 

(b) Assume that A¿ < 0. T/ien í/ie morphism 

p : F A E A 1^— ^E^F^©"© 1 ^- 1 )*®^ 

fc=0 

zs an isomorphisms. Rere F A E A 1^ — > E A F A 1^ is given by a, and F^Efl^ — >■ 
k(x" 1 ) fc <g> is given by e o (x fc E A ) = eo (F A x fc ) : F A E A 1^ — > \p. 

In the theorem, x fc in kr fc and (x~ 1 ) íc in k(x~ 1 ) fc are a symbolical basis of a free 
k-module. 

Now let us define the morphism rj: lp — > FfEfl^ as follows. 
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(i) If A, := (hi, A) > 0, then rj is given by the commutativity of 



x iFotj 



Xi-l 



kx 



fc=0 



E A F A . 



Here the top horizontal arrow is the projection. The minus sign in front of rj 
should be noted. 
(ii) If A, < 0, then rj is defined as the composition 



p 



k(x 



-l\-Xi-l 



-Ai-l 

k(x" 

fe=0 



i\fc 



1«. 



Here the bottom horizontal arrow is the canonical inclusión and the left vertical 
arrow is derived from k ^> k(x~ 1 )~ A '~ 1 ( 1 i— > (a;" 1 )"^" 1 ). 

The morphism e~: EfFfl^ — > 1@ is defined as follows. 

(i) If A¿ > 0, then ¿Tis defined as the composition 



A¿-1 

kx k 

k=0 



projection . 



Here the top horizontal arrow is the canonical projection and the right vertical 
arrow is induced by X a '" 1 i—> 1. 
(ii) If A¿ < 0, then Tis defined as the composition 



F A E A 1 



P 



AcAr 



E F 



E A F A 1/ 



-Aj-l 

k(x" 1 ) fc 

k=0 



Ir. 
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Here the bottom horizontal arrow is the canonical inclusión. 
Now our main result can be stated as follows. 



Theorem 3.5. The pair (E A , F A ) is an adjoint pair with (r¡,e) as adjunction. Namely 

E^rj £~E A ?yF A F A e 

the compositions Ef — 1 — > E A F A Ef — Ef and Ff — F A E A F A — — > Ff are equal 
to the identities. 



We shall prove this theorem in the rest of the paper. 



4. Proof of Theorem 13.51 

E A rj e EA 

4.1. We shall first prove that the composition IpEf — 1 — > l^Ef F A Ef — 1 —> lgEf is 
equal to the identity. Here /3 G Q + with ht(/3) = n and we set A:=A — /3 and A¿: = (/ij, A). 



4.1.1. A,¿ > 2 Case. We shall first assume that A¿ > 2. Then the composition 



E rj 

lgEf — - — y l«E A F A Ef — l^Ef can be described by the kernel bimodules as follows. 



eEf 



The morphism l^E^ 
bilinear homomorphism: 



> l^FfEfl^) is given by the (i? A (/3), R A ((3 + <*<))- 



e(/3,z)ñ A (/3 + ai ) 

Aj-2 
~ x n+2 

e(P, i 2 )R A ((3 + 2a t )e{(3 + a h i) 
e(^i)R A (/3 + ai)e(/3,i) ® kr n+1 ® e(/3, z)i? A (/3 + a ¿ ) 

ñ A (/9) 

© © kx^ +2 ®e(/3,z)ñ A (/3 + ai ) 

fc=0 

projection 

e(/3,¿)# A (/3 + a ¿ )e(/3,z) ® kr n+l ® e(P,i)R A (/3 + ai ). 

i? A (/3) 
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The morphism (lpE A V A )E A — ±+ l p Ef is given by the (i? A (/3), R A (/3 + a¿))-bilinear 
homomorphism: 



e(P,i)R A (/3 + ai)e(P,i) <g> kr n+1 <g> e(/3, 2)i? A (/3 + a¿) 



R A (f3)e(¡3 - oí,í) (8) kr n <g> e(/3 - a¿, i)^/?) 
RHP-on) 

© ka£ +1 <g> ñ A (/3)) ® ñ A (/3) kr n+1 ® e{(3, i)R A {(3 + a,) 

projection 

kx^+i 1 ® kr n+1 (8) e(/3, ¿)i? A (/3 + a,) 
l 



e(f3,i)R A (í3 + ai ). 



Henee in order to see that the composition is the identity, it is enough to show the 
inclusión 



(4.1) 



x%£e{P, i 2 ) + x^r n+1 e{^, i 2 ) 

G R A {f3)r n r n+1 e{(3 - a h i*)R A (¡3 + a t ) 
+ Eto 2 x k n+1 r n+1 e(f3, i 2 )R A {(3 + ai ) 
+ EÍLo 3 ^ +2 e(/3,^ 2 ) J R A (/3 + «^ 



as an element of e(/3, i 2 )R A ((3 + 2a¿)e( ( 5 + a¿, i). 
This inclusión is proved in §0 



4.1.2. Now let us treat the case A¿ = 1. 
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The morphism lpE A — — > 1/3 Ef (F A Ef l/3+ a¿ ) is given by 

e(/3,z)ñ A (/3 + ai ) 

inclusión 

e(/3, z 2 )ñ A (/3 + 2tti)e(/3 + « ¿ , z) © e(/3, z)i? A (/3 + 



p=E®E 



e(P, i)R A {f3 + ai)e(¡3, i) <8 ñ A (/9) e(/3, z)i? A (/3 + o¡¿) 9 u. 



(See below for Z 1 and E.) 



e E A 

The morphism (l^EfF^Ef — 1/?E A is given by 



e(P, i)R A (í3 + ai)e(fl, i) ® r a w e(/3, i)R A ((3 + a¿) 9 u 
R A (P)e(P - (Xi,i) ® e(/3-a ¿ ,¿)i? A (/3)©^ A (/3) 

ñ A (/3- Ql ) 

® ñ A W e(/3,2) J R A (/3 + a l ) 

projcction 

e(/3,z)i? A (/3 + a i ). 

Henee in order to see that the composition is the identity, it is enough to show the 
following existence : 

There exists u G e((3,i)R A ((3 + ai)e((3,i) r a^ e((3,i)R A ((3 + ai) such that 
(a) E(u) = 0, 
(4.2) (b) E(u) = e{P,i), 

(c) u - e(/3, i) ® e(/3, i) G (R A (PWP - i 2 )r n e(f3 - a h t 2 )R A ((3)) 

® R A W e((3,i)R A (/3 + on). 



Here 



e{(3,i)R A {í3 + a l )e{P,i) ® e(/3, ¿)i? A (/3 + a ¿ ) 

ñ A (/3) 



> e(/3, ¿ 2 )i2 A (^ + 2a¿)e(/3 + a i} i) 
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is given by E(a <E> b) = ar n+ ib, and 

E : e{(5,i)R K {f3 + a i )e{f3,i) <g> e((3,i)R A (f3 + a¿) -> e(/3, 2)i? A (/3 + a ¿ ) 

ñ A (/3) 

is given by i?(a (g> 6) = a6. 

The proof of (14. 2 p will be given in §[5j 

E A 77 

4.1.3. Now we assume that A¿ < 0. Then the composition 1^E A — ! — > l^E^Ff E A 
1/3 Ef can be described by the kernel bimodules as follows. 

The morphism l^Ef — ! — > 1/3 Ef (F A E A lp+oa) is given by 

e(/3,^) J R A (/3 + « ¿ ) 
J 

k(x- 1 +l ) l ~ x *®e((3,i)R A (í3 + a i ) 



inclusión 



e(/3, z 2 )i? A (/3+2a i )e(/3+a í , k(x£ l ) k ®e(P, i)R A ((3+ ai ] 



k=0 



P=f®® k H' 



l 



e((3, i)R A ((3 + ai)e(P, i) ® r a w) e(/3, i)R A ((3 + a ¿ ). 



e E A 

The morphism (l^Ef F A )E A — ^ 1/?E A is given by 

e(/3, z)i? A (/3 + a<)e(/3, ¿) e(ft z)i? A (/3 + a<) 

inclusión 

e(/3,2) J R A (/3 + a ¿ )e(/3,í) <g> e(/3, 2)i? A (/3 + a ¿ ) 

ñ A (/3) 

®© 1 kfe 1 ) fc ®e(/3,2) J R A (/3 + a l ) 

fc=0 



P=g®® T k 

k 



R A (f3)e((3 - ai , i) ® R A W _ ai) e((3 - oa, i 2 )R A (/3 + a ¿ ) 3 



e(/3,z)i? A (/3 + a¿). 
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(4.3) ^ 



Henee in order to see that the composition is the identity, it is enough to show the 
following: 

' There exists v 6 R A (f3)e((3 — a¿) ®RA(p_ a A e(f3, i)R A ((3 + a¿) such that 
we have 

(a) T k (v) = for < k < -A¿ - 1 

(b) T_ Xi (v) = e(f3,i), 

(c) G(v) = 0, 

(d) H k {v) = for < k < -A¿, 

(e) H 1 - Xi {v) = e(P,i). 

Here the homomorphism 

/ : e(/3, i)R k {¡3 + a ¿ )e(/3, z) ® e(/3, z)i? A (/3 + a ¿ ) e(/3, z 2 )i? A (/3 + 2a ¿ )e(/3 + a ¿ , z) 

ñ A (/3) 

is given by /(a ®b) = ar n+ ib, 

H' k : e(f3,i)R A ((3 + ai )e(f3,i) ® e(f3, i)R A {(3 + a¿) 

ñ A (/3) 

► k(x,;| 1 ) fc g) e(/3, z)i? A (/3 + a,) ~ e(/3, z)i? A (/3 + a ¿ ) 



is given by ífj(.(a <g> 6) = ax^ +1 b, 

g: R A (f3)e(f3-ai) <g> e(/3, ¿)i? A (/3 + a ¿ ) -> e(/3, z)i? A (/3 + a¿)e(/3, z) ® e(/3, ¿)# A (/3 + a< 

R A <J3- ai ) R A (f3) 



is given by g(a <8> 6) = aT n <8> 6, 
T fc : i? A (/3)e(/3 - a<) 

is given by T k (a ® 6) = ax^6, 
G = fog:R A (/3)e(/3-a i 



e(0, i)R A ((3 + a¿) ->■ e(/3, ¿)# A (/3 + «¿) 



e(/3, z)i? A (/3 + a¿) e(/3, ¿ 2 )fí A (/3 + 2a ¿ )e(/3 + a h i) 



fi A 03-a¿) 

is given by G(a ® 6) = ar n T n+ ib, and 
H k = H' k og: R A ((3)e((3-a l ) 



R A W-a l ) 



e(/3, 2)i? A (/3 + «O -> e(/3, 2)i? A (/3 + a ¿ 



is given by H k (a ® 6) = ar n x^ +1 6. 



The statement (14.31) is proved in §0 
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4.2. Let us show that the composition F A — 1 —> F A E A F A — - — > F A is equal to the 
identity by reducing it to the corresponding statement for E A — ! — > E A Ff E A — E A . 

Let us recall that ip is the anti-involution of R A ((3) sending the generators e(u), Xk, 
r¡¡. to themselves. For an F A (/3)-module M, we denote by the F A (/3) opp -module 
induced by ip from M, where F A (/3) opp is the opposite ring of R A {¡3). We define the 
bifunctor 

Vp: Mod(R A (f3)) x Mod(R A (f3)) y Mod(k) 

by 

We have a functorial isomorphism 

#¿»(M, iV) ~ ^(iV, M) in M, iV e Mod(F A (/3)). 

For two k-linear categories c é> and fé", let us denote by Fctk^, fé") be the category 
of k-linear functors from <io to c € l . Then \&g induces a functor 

ty: Mod(fí A (/3)) ► Fct k (Mod(F A (/3)),Mod(k)) 

by assigning to M e Mod(F A (/3)) the functor iV H- p(M, N). The following lemma 
similar to Yoneda lemma is easily proved, and its proof is omitted. 

Lemma 4.1. The functor is fully faithful. 

For (3, ¡3' G Q + and a pair of k-linear functors F: Mod(F A (/3)) -» Mod(F A (/3')) 
and G: Mod(F A (/3')) -»■ Mod(F A (/3)), we say that F and G are ^-adjoint or G is a 
ty-adjoint of F if there exists a functorial isomorphism 

^(F(M), iV) ~ ^(M, G(N)) in M e Mod(F A (/3)) and iV e Mod(F A (/?')) • 

For a given F, a \l/-adjoint of F is unique up to a unique isomorphism if it exists. We 
shall denote by F v the \l/-adjoint of F (if it exists). 

If Mod(F A (/3)) A Mod(F A (/3')) Mod(F A (/T)) are functors which admit 
adjoint, then F v o F' v is a \&-adjoint of F' o F. 

Now let F k : Mod(F A (/3)) -»■ Mod(F A (/3')) (A; = 1,2) be two functors. Then 
Lemma 14.11 implies 

Hom(Fi,F 2 ) ~ Hom(F 1 v ,F 2 v ). 
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For / G Hom(.Fi, F2), the corresponding morphism in Hom(F 1 v , F 2 V ) is called the 
adjoint of / and we denote it by / v . By the definition we have a commutative diagram 

V(^i(M),iV) yp(M,F?(N)) 



^(F 2 (M),iV) — ^(M,F 2 v (iV)). 

Then (/ o g y = r og v for F 1 A F 2 A F 3 . 

The following lemma is elementary and its proof is omitted. 

Lemma 4.2. (i) LetK be a (R A (f3'), R A ((3))-bimodule and the functor F : Mod(R A (/3)) -> 
Mod(_R A (/3')) ¿s groen 6?/ K ® r a^ • . T7¿en F admits a ty-adjoint. 
(ii) Conversely if a k-linear functor F : Mod(i? A (/3)) — >■ Mod(_R A (/3')) admits a 
od;oiní, thenF isisomorphictoF(R k (P))® R A (p) and F y \R A {(3')) ~ F{R A (f3))^ 
as (R A (P),R A (f3'))-fomodules. 

We can easily see that E A and F A are \l/-adjoint. Moreover, x G End(E A ) and 
x G End(F A ), r G End(E A o E A ) and r G End(Ff o Ff ) are ^-adjoint, respectively. 
We can also see that r¡ G Hom(l ( g, EfFfl^) is a \I/-adjoint of itself. Similarly e G 
Hom(Ff Ef 1^, l p ) a G Hom(Ff Ef , Ef Ff ) are ^-adjoint of themselves. Note that Ff Ef 
and EfFf are a \l/-adjoint of themselves. Henee r¡ and Tare also a ^/-adjoint of them- 
selves. 

Therefore Ff Ff Ef Ff ^> Ff is a ^-adjoint of Ef Ef Ff Ef ^> 



E . 77 e E 

Ef . Henee if the composition of Ef — — > Ef Ff Ef — ^ Ef is the identity, then the 

composition of Ff — Ff Ef Ff — - — > Ff is also the identity. 

Thus we have reduced Theorem 13.51 to the three statements (14. ip . (I4.2p and (14. 3p . 
which will be proved in the next section. 

5. Proof of the three statements 
5.1. Intertwiner. Let us set ip a G R(n) as follows: 

tp a e(y) = (x a r a - r a x a )e(u) = (r a x a+1 - x a+1 r a )e(u) 

= ((x a - x a+ i)r a + l)e{y) = (r a (x a+1 - x a ) - l)e{v) 
if u a = u a+ i and (p a e(v>) = r a e(u) if v a ^ v a +i- It is called the intertwiner. 
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The following lemma is well-known (for example, it easily follows from by the polyno- 
mial representation of Khovanov-Lauda-Rouquier algebras ([1ÜJ Proposition 2.3], [T7l 
Proposition 3.12]). 

Lemma 5.1. (i) For 1 < a < n, we have 

Xs a (b)¥a = ¥aXb(l <b<U+l). 

(Ü) ífl = Q a ,a+Í + e ,a+l- 

(iii) {<fk}i<k<n satisfies the braid relation. 

(iv) For w G S n and 1 < k < n, if w{k + 1) = w{k) + 1, then <p w Tk = T w (k)tp w . 

(v) In particular 

Ta^a+lVa = (Pa+lfa^a+l, and T a +i^ a <£> a +i = ip a ^a+lT a , 
Tk^fa ■ ■ ■ fu-I =fa"- Vn-lU-l for a < k < TI - 1 . 

5.2. Let us take G Q + with ht(/3) = n and i £ I. Let p be the number of times that 
ai appears in ¡5. The following lemma is proved by repeated use of Theorem 12 .21 

Lemma 5.2. We have 

e(P, i 2 )R{(3 + 2ai)e((3 + a h i) ® R{ p +cti) R A (f3 + a ¿ ) 

~ R((3)e(/3 - a h i) <g> kr n r n+ i ® R (j3- ai ) e(/3 - ai, i)R A ((3 + a¿) 
r„+ik[x n+2 ] <g> e((3, i)R A (fi + a¿) 

0k[x„ +2 ]®e(/3,2) J R A (/3 + a ¿ ). 

Proof. We have 

-R A (/3 + a») 

= e(/3, i 2 ) (i2(/3 + a¿)e(/3, i)r n+1 ® m e(/3, i)R(/3 + oa) k[x n+2 ] ® k R{fi + a»)) 

® R tf +ai) R A (/3 + ai) 

= e(/3, i 2 ) (R(P)e(P - a^ i)r n <g>ñ (/ ?- ai ) e(/3 - a u i)R(/3) © k[x n+1 ] ® r n+1 

®^ ) e(/3,2)i? A (/3 + a i ) 
0k[x n+2 ] ® k i? A (/3 + a ¿ ) 
= e(/3, i 2 )R(/3)e(/3 - a», ¿)T n r n+ i ®i?(/3-a ¿ ) e(/3 - a¿, i 2 )R A ((3 + o¡ ¿ ) 

k[x n+1 ]r„ +1 <g> e(/3, 2 2 ),R A (/3 + a,) k[x n+2 ] ® k e(/3, 2 2 ),R A (/3 + a,). 
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Then the lemma follows from k[x n+ i]T„ + i © k[x n+2 ] = r n+ ik[x n+ 2] © k[x n+2 ]. □ 
We set 

K := e(¡3,i 2 )R(¡3 + 2a i )e(¡3 + a i ,i)® R{ p +ai) R k (¡3 + a i ) 
e((3,i 2 )R((3 + 2a i )e((3 + a h i) 
e(¡3, i 2 )R{P + 2a-)a A (x 1 )R(P + oa)e(P + a h i) ' 

Then K is an (e(P, i 2 )R(fi + 2a¿)e(/3, i 2 ), R A (f3 + a,) ® k[x n+2 ])-bimodule. 
The preceding lemma says 

K = R((3)r n r n+1 e((3 - a h t 3 )R A ((3 + a t ) + r n+1 k[x n+2 ]e(/3, i 2 )R A ((3 + a ¿ ) 

+k[x n+2 ]e(/3,z 2 ) J R A (/3 + a i ). 

We define the filtration {T k }kez oí K by 

(0 ifjfe<-l, 
R((3)r n r n+1 e((3 - a u i 3 )R A ((3 + an) + e((3, t 2 )r n+1 R A ((3 + ai) if k = -1, 
r fc _x + e(/3, * 2 )x£ +2J R A (/3 + a,) + e(/3, ^K+^i^ + «¿) if k > 0. 

Note that T k = r k _ x + e(/3, i 2 )x k n+2 R A ((3 + ai) + e(/3, i 2 )x^+ 1 1 r n+lJ R A (/3 + a¿) for fc > 0. 

Recall that Gr£ K := I^/r^i. Then we have the following lemma that will be used 
frequently. 

Lemma 5.3. We have 

(i) the Tk 's are (R(f3), R A ((3 + ai))-bimodules, 

(ii) T k x n+2 C r fc+ i for any k, 

(iii) the right multíplication of x n+2 induces an isomorphism Gr£ K Gr£ +1 K for 
any k > 0, 

(iv) Ker(x n+2 : r_ x -> Gr£ A') = i?(/3)r„r n+1 e(/3 - a t , i 3 )R A (/3 + «<)• 

Proof. (i) is obvious. 

(ii) follows from 

(5.1) r n r n+ ix n+2 = r^av^Tn+i + 1) = (x n r n + í)r n+1 + r n . 

(iii) follows from Lemma [5.21 

Let us prove (iv). Set S : = i?(/3)r n r„ +1 e(/3 — a¿, i 3 )R A ((3 + ai). Then Sx n+ 2 C r_i + 
e(P,i 2 )R A ((3+ ai ) by (¡SU). The homomorphism r_i/5 (Gr£ K)/(e(P, i 2 )R A ((3+ ai )) 
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is an isomorphism since it is isomorphic to kr n+ i <g) e(¡3, i)R A ((3 + a¿) — > kr n+ ix n+2 <8> 

Zn+2 

e(/3,z) J R A (/3 + a ¿ ). □ 
As a corollary of the lemma above, we obtain the following 

Lemma 5.4. Letm G Z and Zeí f(x n+ 2) G -ñ A (/3 + aj) £g>k[x n+2 ] 6e a monic polynomial 
of degree r > in x n+ 2 and u £ K. Assume that uf(x n+ 2) G T rn . Then we have 

(i) if m > r — 1, then u G r m _ r; 

(ii) íxa£ +2 G r max( _ ljm _ r+fc) for any k > 0, 

(iii) uf{x n+2 ) = ux r n+2 mod r max( _i im _i), 

(iv) if m < r — 1, í/ien it G R((3)T n T n+ ie((3 — a¿, i 3 )R A ((3 + ai). 



Proof. (i) It is enough to show that if u G T k and > m—r, then u G For such a w 

we have uf(x n+2 ) G T m C rfc +r _i, and the injectivity of Gi^K ^— > Gr^ +k K 

implies u G IV_i. 

(ii) We have ux* +2 f(x n+2 ) G T m+k C r r+max (_ 1)m _ r+fe ) . Henee (i) implies that 

(iii) follows from (ii). 

(iv) By (ii), u,ux n+2 G r_i. Then the assertion follows from Lemma [5.31 (iv). □ 

Our goal of this subsection is to prove Proposition 15.71 below, and the following 
lemma is its starting point. 

Lemma 5.5. For v G I 13 we have, as an element of K 

r n+ i ■ ■ ■ Tia K {xi)ipi ■ ■ ■ Lp n+1 e(v, i 2 ) (x a - x n+2 ) 

a<n, v a =i 

= -r n+1 a A (x n+2 ) Yl Qi,u a (x n+2 ,x a )e(u,i,i) mod r_i. 

Proof. We have r n+1 ■ ■ ■ ria A (xi)y?i • • • (f n+1 = T n+1 ■ ■ ■ T\<p\ ■ ■ ■ (f n+1 a A (x n+2 ). We shall 
show for a < n 

r n+1 - ■ -T a (p a - ■ ■ (p n+1 a A (x n+2 )e(v,i 2 ) (x k -x n+2 ) Q itUa (x n+2 , x k ) 

a<k<n, i/f¡.=i k<a,v^^i 

(5.2) = r n+1 ■ ■ ■ r a+ iip a+ i ■ ■ ■ <p n+1 a A (x n+2 )e(v, i 2 ) 

(x k -x n+2 ) Qi,u a (x n+2 ,x k ). 

a+l<k<n,v k =i k<a+í,u k ^i 
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If v a 7^ i, it is obvious. Assume that v a = i. Then 

r n+ i • • • T a ip a ■ ■ ■ (p n+1 a A (x n+2 )e(is, i 2 )(x a - x n+2 ) 
= T n+ i ■ ■ ■ r a (x a+ i - x a )ip a ■ ■ ■ Lp n+ ia A (x n+2 )e(v, i 2 ) 
= r n+ i ■ •■T a+1 (ip a + l)ip a ip a+1 ■ ■ -íp n+1 a A (x n+2 )e(is,i 2 ) 
= r n+1 ■ ■ ■ T a+1 (ip a + l)(f a +i ■ ■ ■ f n +ia A (x n+2 )e(u, i 2 ) 
= r n+ i ■ ■ ■ T a+1 tp a tp a+1 ■ ■ ■ ip n+1 a A (x n+2 )e(v, i 2 ) 
+r n +i ■ ■ ■ Ta+iipa+i ■ ■ ■ (p n +ia A (x n+2 )e(is, i 2 ). 

We shall show that for any f(x n+2 ) and g — g(x±, . . . , x n ), we have 

(5.3) T n+ i • • ■ Ta + l(Pa¥a+l ' ' ' Í 2 )f{x n+2 )g E T^. 

We have 

T n+1 ■ ■ ■ T a+1 (p a <Pa+l ' " " Í 2 )f{x n+2 ) 

= Vi ■ ■ ■ T a+ if(x a )(f a (f a+1 ■ ■ ■ (p n+1 e(v, i 2 ) 
= f(x a )r n+1 ■ ■ ■ T a+1 ip a ip a +i • • ■ tpn+ie(v, i 2 ) 

= f(x a )ip a <Pa+l ■ ■ ■ <Pn+lT n ■ " • T a e(u, i 2 ). 

We have 

fnfn+l = fn( x n+l T n+l ~ T n+l x n+l) 

X n (x íl T n Tn%n)Tn+l {p^ri^n 'TnX ri)'Tn+l-^ n+1 
X n ^~n^'n+1 X n T n T n ^\X n XinT n T n ^.\X n ^.\ T n T n ^-iX n X 

and it belongs to r_i. Henee we obtain (15.31) . Then the repeated use of (15.21) implies 
that 

T re +i • • • Tiifi ■ ■ ■ íp n+1 a A (x n+2 )e(u, i 2 ) (x k - x n+2 ) 

k<n, V}¡=i 

= r n+1 (p n+1 a A (x n+2 )e(v,i 2 ) ] [ Qi,v a {x n+2 ,x k ). 
Finally T n+ i<p n+1 e(v, i 2 ) = r n+1 (r n+1 (x a+1 - x a ) - l)e(v,i 2 ) = -r n+1 e(v,i 2 ). 

□ 
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Lemma 5.6. The following equality holds as an element of K. 
r n+1 ■ ■ ■ Tia A (xi)<£i • • • ip n+1 e(u, i 2 ) 

= r n+1 ■ ■ ■ T 1 a A {xi)r 1 ■ • • r n+1 e{v, i 2 ) (x n+2 - x a ). 

k = n + í or = i 

Proof. It is enough to show that 

4 x Tn+l ' • • na A (x 1 )T 1 ■ ■ ■ Ta-Wa ■ ■ ■ <p n+1 e(v, l 2 ) 

= r n+1 ■ ■ ■ na A (xi)n • • • T a ip a+1 ■ ■ ■ cp n+1 e(u, i 2 )(x n+2 - x k ) 5{ - a = n + lM "° = ! ». 
If v a 7^ i it is trivial. If v a — i or a = n + 1 then we have 
Va- ■ ■¥n+ie(v,i 2 ) = (r a (x a+1 -x a )-l)ip a+1 ---Lp n+1 e(iy,i 2 ) 

= T a (p a +l ■ ■ -<Pn+l(Xn+2 ~ X a )e{v,% 2 ) - (f a+1 ■ ■ ■ (f n+1 e(u, f) . 

Since 

r n+ i • • • ria A (xi)ri ■ ■ • r a _iy2 a+1 • • • ip n+1 e{v, i 2 ) 

= r n+1 ■ ■ ■ Tiip a+ i ■ ■ ■ v9 n+ ia A (xi)ri • • ■ r _ 1 e(i/ ) i 2 ) 
vanishes as an element of K for a < n + 1, we obtain (15.41) . □ 
Thus we have 

(-l) p T n+1 ■ ■ ■ ria A (xi)r! • • • r n+1 e(u, i 2 ) (x n+2 ~ x a ) 2 

a = n+ l or i/„ = i 

= -r n+1 a A (x n+2 ) Yl QiMa( x n+2, x a )e(u,i 2 )(x n+2 - x n+ i) mod r_i. 
We have r n+ i(x n+2 — x n+ i) G r , and henee Lemma l5\4l implies 

T n+1 a A (x n+2 ) Yí Qi,»a( X n+2,Xa)e(v,Í 2 )(x n+2 - X n+1 ) 

= T n+1 x^~ p)+2p+l e{v, i 2 ) Y[ t iUa mod r <hi>A _0 )+2 p_i. 

In particular 

r n +i ■ ■ ■ T 1 a A (xi)r l ■ ■ ■ r n+1 e(u, i 2 ) (x n+2 - x a ) 2 E Y \ hi ,A-p)+2 P - 

a = n + íorv a =i 

Henee it is equivalent to r n+1 • ■ ■ Tia A (xi)Ti ■ ■ ■ r n+ ie(V, i, %)x 2 n+ 2 modulo T^ i ,A-i3)+2p-i- 
Thus we obtain the following proposition. 
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Proposition 5.7. For (3 G Q + , let p be the number of times that ai appears in (3, and 
set X := A — (3, Xi := (/¿¿, A). Then there exists c G ko * x such that 

r n+1 x^ 2p+1 e(f3, i 2 ) = cr n+1 ■ ■ ■ ria A (xi)ri • • ■ r n+1 e((3, i 2 )x 2 £+ 2 mod r Ai+2p -i. 

Note that A¿ + 2p > 0. 

5.3. Let us define two homomorphisms 

P : R{(3)e{(3 - a¿,¿) <g> e(/3 - a¿, i 2 )R A {(3 + a,) ► AT and 

E:R(P)e(P-ai,i) ® e(/3 - a ¿ , z 2 )i? A (/3 + a ¿ ) ► e(/3, z)i? A (/3 + a¿) 

by P(a (g> fe) = aT n r ra+1 (g) b and £"(a ® fe) = afe. Then P is injective and Lemma 15.41 
implies 

(5.5) lm(P) = Kei(x n+2 : T_ x ► Gi T K) . 

We can see that R(¡3)e(/3 — ai, i) <&r(b-oí) e {P ~ a ¿; i 2 )R A (f3 + a¿) has a structure of 
(R(/3) <S> k{x n , x n+ i, r n ), k[x n ] ® -R A (/3 + aj))-bimodule by 

(a (g) 6)(x n (g 1) = ax n <S> b, 

(1 (g r n )(a <g> fe) = a <g r n fe, 

(1 (g Xfc)(a <8 fe) = a <8 Xkb íor k = n, n+1. 

Here k(x n , x n+1 , r n ) is the k-subalgebra of e(/3 — a¿, ¿ 2 )-R A (/3 + a¿)e(/3 — a¡¿, i 2 ) generated 
by x n ,x n+ i,r n , and it is isomorphic to the nil affine Hecke algebra i?(2a¿). 

Lemma 5.8. For any z G R((3)e((3 — ai, i) ®Rtp- ai ) e(¡3 — ai, i 2 )R A ((3 + a¡¿), we have 

P{z)x n+2 = P{z{x n <g> 1)) + r n+1 P(2) + £((1 ® r n )z). 

Proof. For z = a £g fe, we have 

P(a®b)x n+2 = aT n T n+1 x n+2 ®b = ar n (x n+1 r n+ i + 1) ®b 
= a(x n r n + l)r n+ i <g fe + 1 <g) ar„fe. 

□ 

Corollary 5.9. Ifz G R(/3)e((3—o¿i,i) <8 e(/3— a¿, -¿ 2 )-ñ A (/3+aj) satisfies P(z)x n+2 G 
r_i, toen £((l®T n )z) = 0. 
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Indeed, P(z)x n+ 2 = E((l ®r n )z) mod r_i. 

Set K A = e(/3,i 2 )R A (/3 + 2ai)e(l3 + a h i). Henee we have 

K _ e(P,i 2 )R(P + 2a i )e(P + a iJ i) 

e(/3, i 2 )R(í3+2a i )a K {x 1 )R{í3 + a¿)e(/3 + a¿, z) ' 

^ A _ e(/3,2 2 )fi(/3 + 2a ¿ )e(/3 + a ¿ ,i) 

e(/3, 2 2 ) J R(/3+2a¿)a A (xi) J R(/3 + 2ou)e(l3 + a u i) ' 

Then there exists a surjective homomorphism 

p: K -> K A . 

Note that 

(5.6) p(r n+ i ■ ■ ■ ria A (xi)r 1 • ■ ■ r n+1 e(/3, i 2 )) = 0. 

Let us denote by {T A }kez the filtration of K A induced by the filtration T of K. 

5.4. Proof of ( 14. ip . Assume that A,¿ > 2. The statement (14. ip can be read as 

Xn+2 e {í3,i 2 ) + Xn+i T n+i e W, i 2 ) £ r A - 3 as an element of K A . 
By Proposition 15.71 and Lemma I5.3[ we have 

T n+ iXn+2e{/3, i 2 ) = cr n+1 ■ ■ ■ ria A (xi)ri ■ ■ • r n+1 e(f3, i 2 ) mod f\_ 3 
as an element of K. Then the desired result holds since 

T n+1 x^2 e i^ i 2 ) = ( x n+i T n+i + x^~ 2 )e(/3, i 2 ) mod r Aí - 3 - 

5.5. Proof of dMD. Assume that A¿ = 1. Set 

w := T n+1 e(j3, i 2 ) - cT n+ i ■ ■ ■ ria A (xi)ri • ■ ■ r n+1 e((3, i 2 ) G K. 

Then Proposition 15.71 together with Lemma 15.41 (iv) implies that w, wx n+ 2 G T-i 
and w belongs to Im(P). Henee we can write w = P{z) for some z G R((3)e(/3 — 
o;¿, i) <S)R(/3- ai ) e(¡3 — ai, i 2 )R A ((3 + a¿). Then Corollary 15.91 implies that 

E{l®T n )z) = 0. 

Let us define the morphism 

T: R((3)e(f3—ai,i) <8> e(f3-a i ,i 2 )R A (f3+a i ) ^ e(f3,i)R A ((3+ ai ) ® e(/3, i)R A {f3+ ai ) 



24 



MASAKI KASHIWARA 



by T(a <E> b) = (ar n ) ® b. Then we have 



E(T(z)) 
E(T{z)) 



p(P(z)), 

E((l®r n )z) = 0. 



Let us show that u := e(/3, i) ® e(/3, ¿) — T(z) satisfies the condition (14.21) . 



(a) E(T(z)) = p(P(z)) = r n+ ie((3, i 2 ) as an element of R A 

(b) É(u) = e(P,i)-E(T(z))=e(j3,i). 



(P + 2ai). 



(c) is obvious. 

5.6. Proof of Assume that A¿ < 0. Note that í : = -A¿ < 2p. Then Propo- 

sition 15.71 says that, by setting w := cr n+ i ■ ■ ■ ticl a (xi)ti • ■ ■ r n+ ie(/3, z 2 ), the element 
(wxlXi ~ Tn + ix n+ 2e((3,i 2 ))x~'£ 2p of K belongs to r_¿ +2p -i- 
Henee we have 

Since r„ + iX n+2 e(/3, i 2 ) G r , we have «ji^. 2 2 G r . Henee Lemma [5T4l implies that 
wx h n+2 G T_! for < k < i + 1. We set 

wa£ + 2 = P(z fc ) + r n+1 í/ fc for < k < i + 1 

with z fc G R(fi)e(P - a¿, i) ®> R ^- ai ) e(/3 - a h i 2 )R A (f3 + a*) and y fc G e(/3, i)R A ((3 + a*). 
Then we have for 1 < k < i + 2 

wx n+2 = (P{zk-i) +r n+ iy k - 1 )x n+2 

= P{z k -\{x n ®l)) + T n+1 E(z k _ 1 ) +E((l®T n )z k _x) + T n+1 x n+2 y k -i- 

Henee Lemma [5.21 implies 



z k = z k _x{x n ® 1) for 1 < k < £ + 1, 
y k = E(z h - 1 ) for 1 <A;<£+1, 
£7((l®r„)« fc _i) =0 for 1 < fc <¿+l, 
= for 1 < fe < £ + 1. 



BIADJOINTNESS IN CYCLIC KHOVANOV-LAUDA-ROUQUIER ALGEBRAS 25 

Since wx e r ^ 2 = r n+i^n+2e(/3, i 2 ) mod r_i, we have yz+i = e(/3, i) and E[{1 ® T n )z¿ + ij = 
0. Thus we obtain z k = Zo(x k <E> 1) for < k < 1 + £, and 



(5.7) J5(zb(x*®l)) = 



for < k < i - 1 

e(/3,¿) íoxk = í. 

(5.8) £((l<g>r n )z (a£®l)) = 0<k<l+£. 

Let us denote by 

q: R(/3)e(/3 - cti,i) <g> e(/3 - a*, i 2 )R A ((3 + a¿) 

H(^-oü) 



> R A ^)e(/3-ai,i) ® e(/3 - a i} * 2 )i? A (/3 + « ¿ ) 

ñ A (/3-^) 

the canonical homomorphism, and set ü = g(^o)- Then (a) and (b) in (14.31) follow from 
T k {v) = E(z (x k <S> 1)). The equality G{v) = follows from G{v) = p(P(z )) = p(w) = 
0. 

Finally let us prove (d) and (e). We have 

E((l®x k n T n )z Q ) =E((l®r n )z Q (x k n ®l)) = for 

by (15.81) . On the other hand we have H k {y) = ^((l ®T n x k l+1 )zo). Since r n x k +1 = 
+ E a +i)=fc-i x n+i x ni we obtain 

H k (v) = E({l®x k r n )z ) + x n+i E {( l ® x n) z v) 

a+b=k-l 

a +b=k-l 

Henee (15.71) implies that H k (v) = for < k < í and H¿ + i(v) = e((3,i). 
Thus the proof of (]4~Ti) . ( |4~2j) and ( l4~ll is complete. 
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